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SINGLE LUMPSUM INVESTMENT PROBLEMS 
 
 Decide on a time period unit to work with: eg.  years, months

                               P = single lumpsum amount to be invested up-front 

                                = value of lumpsum investment after n periods 

                                i=effective rate of interest/depreciation for one’s chosen time period unit
 
 NB: Always make sure that you are using an effective rate of interest in a calculation

1.    SIMPLE INTEREST CALCULATION :      = P(1 + in)


2.    COMPOUND INTEREST CALCULATION: (compounding annually )   
 

3.     STRAIGHT LINE BASED DEPRECIATION :      

4.     REDUCING BALANCE BASED DEPRECIATION :    

5.     EFFECTIVE  vs  NOMINAL INTEREST RATE :    

                                               
= nominal per period based rate of interest compounded m times in every period

 = effective per period based rate of interest

6.    LUMPSUM  TO BE INVESTED FOR n PERIODS (COMPOUND INTEREST)
 
 =  P:



















LEVEL ANNUITY BASED PROBLEMS (PAYMENT IN ARREARS): 

 wChoose the time period length between consecutive payments as one’s working time period unit      
                   
                                 X=amount invested at the end of each working time period unit         
               
                                 n= total number of payments made 

                                 i=effective per period based rate of interest


1.    (FUTURE) VALUE AFTER n YEARS:     


2.    (PRESENT )VALUE FOR A n YEAR ANNUITY :    

3.    

A PROBLEM SOLVING TOOLKIT:- Questions to ask
Does the problem involve a single lumpsum amount or a series of payments?
Is the rate of interest being quoted already an effective rate for a given time period unit or is the rate a nominal rate that is being compounded (i.e. converted) m times during a given time period unit?
 If working with an effective rate => choose the time period that this rate is referring to as                                                                      one’s  working time period unit 
 If working with an nominal rate => choose  times  the period that is being referenced by this                                                     nominal rate as one’s working time period unit noting that  this choice implies an effective rate of   for this new   time period unit 
Rewrite any time to payments in terms of this newly chosen working time period unit. 
Determine whether the interest rate is a simple or compound one.
Apply the appropriate formula: For Annuity formula based problems determine if the payment is being made at the beginning or  end of period? 



WHY STUDY  FINANCIAL MATHEMATICS
The economy can be viewed as containing people (or  business entities) that  have different needs that they want to have met. When one need  can be offset with another,  a  market can begin to develop.  For  example, assume that  
· Eskom needs R100 million for a period of at least 10 years to erect new power lines 
· Nedbank  has R100 million that it  wants to invest for 7 years 
An intermediary would satisfy these two  different needs by creating a financial instrument that allows Nedbank to give Eskom a  R100 million loan  that they can then use to erect the powerlines. In return the financial instrument would give Nedbank the right to receive a fixed number  of payments (in the form of what we call  interest)  plus  a   return of the R100 million that has been borrowed at the end of 7 years. Clearly the interest being written into that document reflects a `price’ that is being paid by Eskom for borrowing that money.  Because Eskom has the opportunity to approach other potential lenders, the `price’ that they will have to pay will eventually balance  
· the overall need that exists in the economy to invest excess money (supply) with  
· the overall need that exists in the economy to borrow money (demand)
It is the role of the government and the South African Reserve Bank to try and manage the way in which  the economy (and the financial markets) are  allowed to operate. This is done by regulating (through it’s monetary policies)  the financial  markets that exist in the  country. 

[image: What Does It Mean?]
What do we mean by a  Financial Instrument ? ( Source: Investopedia)
A real or virtual document containing some sort of  legal agreement that requires one party to pay (or promise to pay) money or something else of value to another party.  

In today's  marketplace, financial instruments can generally be viewed as  being either equity based, i.e. they represent some sort of  ownership or residual interest in the  assets of a given enterprise (eg voting rights and the right to share in the future profits of the firm), or they may be debt based, i.e. they take the form of a  loan that is being made by an   investor to another investor or enterprise. The purchaser of this debt instrument (usually in the form of a bond) becomes a creditor to the company which entitles them to a repayment of the principal that they have lent  plus a stipulated amount of  interest and a  `first share’  in any assets should  the enterprise file for bankruptcy. 

In  financial mathematics one attempts to develop an appropriate method for pricing these instruments. Because these pricing  formulae all  make use of an interest rate, a clear understanding of what constitutes an  interest rate is needed. 









GRADE 10 SYLLABUS

Given a fixed amount of money P, a rate   of interest  i specifies  how much one should be charged for borrowing (or  rewarded  for lending) that fixed amount over a given  period of time. Not only should this rate of interest be affected by the amount of money that one is investing but also  by the number of  time period units that one wants to invest this money for.  Special attention should also be given to the type of interest rate that is being quoted.
 (
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                                                             SIMPLE INTEREST



 (
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11
12.1
13.31
14.64 + 100
time
0
1
2
3
4
5
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146.41
161.05
)








                                                             COMPOUND INTEREST


EXAMPLE: Invest R500 in a savings account that pays 7% interest on a per annum basis over  a period of 5 years. 

EXAMPLE: Invest R500 in a savings account that pays 1% interest on a per monthly  basis over  a period of 5 years. 


Depending on the length of time that one wants to invest this money for, one will generally receive a higher  quoted rate of interest for longer term investments than for shorter term investments. When these rates are plotted against the length of time that one wants  to invest this money for, we obtain what is  called a term structure of spot rates for those different choices of investment periods.


[image: File:USD yield curve 09 02 2005.JPG]
The US dollar yield curve as of February 9, 2005. The curve has a typical upward sloping shape.(Source:Wikipedia)



[image: File:GBP yield curve 09 02 2005.JPG]
The British pound yield curve on February 9, 2005. This curve is unusual (inverted) in that long-term rates are lower than short-term ones 



Money that is being lent (or invested) over a short period of time (less than one year) forms part of  what is called the money market. In contrast, money that is being lent (or invested) over a longer period of time  (more  than one year) is said to form part of the capital market
	

	

	Some popular MoneyMarket  Instruments 

	Issued by 
	Common Investors 

	Treasury bills 
	government 
	households, firms, 
financial institutions 

	Retails certificates 
of deposit 
	banks and savings institutions 
	households 

	Negotiable certificates of deposits 
	large banks and saving institutions 
	firms 

	Commercial  paper 
	bank holding firms, finance firms. 
	firms 

	Bankers’ acceptances 
	banks 
	firms 

	Repurchase agreements 
	firms and financial institutions 
	firms and governments 


	 Some popular Capital Market Instruments 

	Issued by 
	Common Investors 

	Government bonds 
	government 
	households, firms, 
financial institutions 

	Municipal bonds 
	state and local government 
	households and firms 

	Corporate bonds 
	firms 
	households and firms 

	Mortgages 
	individuals and firms 
	financial institutions 

	
	 
	


In South Africa  interest rates decisions are taken by the South African Reserve Bank’s so-called Monetary Policy Committee (MPC). The official interest rate that is being quoted is called the repo (or base) rate. This is the rate at which central banks lend money  to other deposit taking banks.  Banks and building societies use this rate as a reference point  for setting their own  rates of interest that they then charge on their home loans and savings accounts 
[image: http://www.tradingeconomics.com/Economics/ChartImg.axd?i=chart_fdd1bd6777b84ebd915a6d484c3fad77_28.png&g=303ddd3b976b496ba65084368290b89f]

Why are interest rates so important in South Africa?

When interest rates are low, people are in a better position  to buy on credit which will tend to increase the level of  consumer spending  that takes place in an economy. This injection of money into the economy will  then allow  businesses to expand and to hire more people.  As the pool of  workers  that are available becomes smaller and smaller,  so wages will have to increase in order  to attract  the extra staff that is needed to meet  the extra demand that is being fueled by the increased consumer spending.  To compensate for these extra costs, companies will  then have to increase the  price of any goods that they produce. This in turn gives rise  to a   phenomenon which is called inflation. In order to control this type of price inflation, the government needs somehow  to `cool down ‘ what is termed an `over-heated economy’ which they can do  by raising interest rates (the so-called repo-rate).  Because consumers are  now finding  it more difficult to borrow money,  the level of consumer spending in the economy should begin to weaken (i.e. drop) .  If this level of demand for consumer products  drops off too sharply, however,  companies may then have  to lay off workers forcing  the economy into what is called a recession.  It is the re-setting of this repo-rate by the Reserve Bank  that acts as a very important lever in  `controlling the speed of recession’ in  the economy.  

                                               100 Basis points cut =1%  drop

SOUTH AFRICA’S 10 YEAR GOVERNMENT YIELD
From 1997 until 2010 South Africa's Government Bond Yield for 10 Year Notes has averaged 10.86 percent reaching an historical high of 20.69 percent in August of 1998 and a record low of 7.14 percent in February of 2006. Generally speaking, the yield that is required to entice  investors to loan funds to a government reflects  the inflationary expectations of that country and the likelihood that the debt will be repaid. 

[image: http://www.tradingeconomics.com/Economics/ChartImg.axd?i=chart_fdd1bd6777b84ebd915a6d484c3fad77_20.png&g=876e1bd83649440da779c6b40afe1b8d]


GRADE 10 SYLLABUS:  SIMPLE vs COMPOUND INTEREST PROBLEMS

From the very outset it is  important to understand what  convention  is being used when a particular interest rate quotation is being made. Typically an  interest rate quotation of 10% that is being accrued (or charged) on a per annum basis is very different to an  interest rate quotation of 10% that is being accrued (or charged) on a per monthly basis. 

EXAMPLE: Consider an investment where R100  grows to a value R105 over a single year. This investment is said to pay a per annum based rate of  interest  that equals 5%. Now consider another  investment of R100 that grows to a value R105 over a period of 3 months. Such an  investment pays a per quarter  based rate of interest  that also equals 5%.  

Even though a  5% growth  is being obtained for both investment opportunities, the second investment achieves this rate of growth over 3 months only. Not only is the amount of interest that is being earned important but the time that it takes to earn this interest is also extremely important in any financial mathematics based calculation.

In this section we will examine problems where an initial lump sum P is to be invested over a series of  n consecutive (but equally spaced) time period units. For the purposes of making an illustration, we will assume that each time period unit corresponds to a single year in duration and that the same per annum based rate of interest  i  is being assigned to each of the n consecutive time period intervals. What will distinquish a simple interest charge from a compound interest charge is the way in which this interest charge is allocated to each of the n periods. 

 (
1
2
n-1
n
)



  


EXAMPLE Assume that South Africa is interested in increasing the number of rhino in a particular   region of the country. If one owns a game farm with 20 rhino, providing that you do not lose any of these rhino,  the government will undertake, at the end of each and every year, to give you an extra rhino for each rhino that you had when the scheme was first started. Given that none of these rhino will die over the next 10 years, how many rhino should one have on the farm  after one year,   after two years and then after 3 years?

Ans:   Number of rhino after one year: 20   20 + 20 = 40 
          Number of rhino after two years =  20  20 + 20=40 40+20 = 60 
          Number of rhino after three years =  20 20 + 20=40  40 + 20 =60  60 + 20=80
                                                  
                   Simple interest type problem: Number of rhino (after n years)= 20(1 +1n)

Rather than giving you an extra 20 rhino at the end of each year, consider now a scheme where  the government undertakes to give you an extra  rhino at the end of each and every year for each rhino  that you currently have on your farm at the time of payment of that reward.  Assuming that none of these  rhino will die  over the next 10 years, how many rhino should one have on the farm  after one year,  two years and after 3 years 

Ans:   Number of rhino after one year: 20   20 + 20 = 40 
          Number of rhino after two years =  20  20 + 20=40 40+40 = 80 
          Number of rhino after three  years =  20  20 + 20=40 40+40 = 80 80 + 80 =160          
       
                   Compound interest type problem: Number of rhino (after n years)= 20
            

In the first scheme, it is important to note that each  reward is based on the number of  rhino that one initially had on the farm, whereas in the second scheme, each   reward is based on the number of  rhino that one currently has on the farm.

Returning to a  savings account type of example, let us assume that a per annum based rate of 10% has been quoted, that a principal amount of  R100 is due to be invested and that we  want this investment  to span a maturity period of 4 years.

 (
1
2
n-1
n
)



There are two different ways in which this quoted  rate of interest  i can be charged  to each of the time period units that are  making up   one’s  chosen investment period. 
A SIMPLE INTEREST RATE CHARGE:-  Only  the   principal (or starting) value of R100  is used to assign an   interest rate charge to each  and every one of the years that makes up our chosen investment period. More specifically, an additional amount  
                                                 Pi = 100(.10) =10 
is being earned in  each of the above four per annum based  time period units. The total amount of money that one will receive  in 4 years time  is therefore given by the following formula
                                                F=100 +10 + 10 + 10 +10 =140 
which represents a return of the principal R100 and a sum of the above four  interest payments. 

                                                  A=P+ Pin = P(1+in)             
                                                                                            


A COMPOUND INTEREST RATE CHARGE:-  Here the interest that has been earned over all the previous per annum based time period units is added to the principal value in order to arrive at an  interest rate payment  for the next period. For our example the following interest rate charges will be  earned over the 4 year investment period 

                               Interest payment for the first year period= (Principal)I =100(.10)=10                                                                                                     
                              
 Interest payment for the second year period=(Principal+1st period interest)i =(100+10)(0.10)=11                                                                                                                                                                                                                                                                      
                   
 Interest payment for the third  year period=( Principal+1st  period interest+ 2nd period interest)i
                                                                              =(100+10+11)(0.10)=12.1                                                                   
Interest payment for the fourth  year period=( Principal+1st  period interest+ 2nd period interest+ 3rd period          interest)i                                                               =(100+10+11+12.1)(0.10)=13.31                                                                   

Thus  the total amount of money that one will receive  in 4 years time  is  given by the following formula

                                                A=100 +10 + 11 + 12.1 +13.31=146.41 

which represents a return of the principal R100 and a sum of the above four  interest payments




A  single lump sum  P that is invested in a  savings account  that pays a per period based simple rate of 
of  i%   will grow  after n periods to an amount 

                                                                    A=P(1+in)


A  single lump sum  P that is invested in a  savings account  that pays a per period based compound rate of interest of  i%   will grow  after n periods to an amount 

                                                                        






Given any single lumpsum payment problem one should always 

(i) identify the type of interest rate  that is being charged 
                                ----is it a simple or compound rate of interest?

(ii) identify the time period unit in which this interest rate charge is being quoted                           –is it a per annum based or a per monthly based charge?

(iii) One needs then to look at  the length of time that one wants to invest this money for              converting  this length of time so that it makes use of the same  time period  unit that is  being used in (ii) for one’s interest rate quotation

EXAMPLE  1.  To what value will a  single lump sum  investment of  R2000 grow if it is to be invested in a savings account that pays  8% pa simple interest for 3 years. 

 ANS: Since the interest rate is being quoted on a per annum basis we will choose a single year as our working time period unit. The length of time that one wants to invest this money for (expressed in the  same  time period length units as the  interest rate quotation) is given by the value  n=3  years. Because this is a simple interest rate charge, we can  apply the following formula 
               
                                                      A=100(1+0.08(3))= 124


EXAMPLE  2.  Find the initial amount that needs to be invested in an account that pays 5% pa simple interest  if this amount is to produce  R1000 after 4 years

ANS: Choosing  a single year as our working time period unit, note that     
                                         1000=P(1+0.05(4))  =>     P==833.33
           
                                                      
EXAMPLE  3.  Find the initial amount that needs to be invested in an account that pays 1% per month  simple interest  if this amount is to produce  R1000 after 4 years

ANS: Since the interest rate is being quoted on a per monthly basis we will choose a single month  as our working time period unit. The length of time that one wants to invest this money for (expressed in the  same  time period length units as the  interest rate quotation) is given by the value  n=2(24)=48   months. Because this is a simple interest rate , we can then apply the appropriate formula                              
                                    1000=P(1+0.01(48))   =>     P==675.67

EXAMPLE  4.   If it takes 6  years for R600 to become R1000, find the per annum based rate of  interest  that must be earned on this simple interest earning account.

ANS: Choosing  a single year as our working time period unit, note that     
                          1000=600(1+i(6))   =>  i==0.111=11.1% per annum
If  this account earns compound interest, then we must solve 

                        =>  => i=0.0888=8.88% per annum



EXAMPLE 5:     To what value will a lumpsum investment of  R2000  accumulate if it is invested in an account that pays interest at a rate of  8% pa for a period of 3 years, with this interest rate being compounded annually. 

ANS:  Choosing  a single year as our working time period unit, note that     

                                                 A=2000=2,519.42


EXAMPLE 6 :  Find the amount that must be invested in an account that pays interest at a rate of  5%  pa  compounded annually  if the value of the investment after 4 years is R10,000 
               
 ANS: Choosing  a single year as our working time period unit, note that     
                         10000=P    =>     P==8,227.02



EXAMPLE 7 :   If  P = A  after 6 years in the bank , find the per annum  based rate of compound interest that must be earned on this account.

   ANS: Choosing  a single year as our working time period unit, note that     

                              A=A     =>  i =0.2598=25.98% per annum


STRAIGHT LINE versus  a REDUCING BALANCE BASED  DEPRECIATION METHOD


Depreciation is a term that is used in accounting  to refer to the loss in value  that can occur as an asset  gets  `older’. Given that such an asset has a value P at this particular moment, if  the value of this  asset in n years time  takes on  the following value   
                                          
                                                               A = P(1-in)

then such an asset is said to experience a straight line based depreciation with  i denoting a per annum based depreciation rate.
 
If it’s value in n years time is given by   the following expression

                                                                
then the asset is said to experience a reducing balance based depreciation.


EXAMPLE 1:   A motor vehicle costs R90 000 at the beginning of  2010. Determine it’s  value at the beginning of  2016 if the vehicle depreciates in value at a rate of 10% pa using a straight line depreciation method

                                          A = 90,000(1- 0.10(6))=36,000


EXAMPLE 2:   A motor vehicle costs R200 000 at the end of  2000 and depreciates to a value R35 000 at the end of  2020. Calculate the per annum based rate of  depreciation if it is to be done on a reducing balance scale.

                35,000=   =>   =  => i =0.0834=8.34% per annum



 INFLATION RATE BASED PROBLEMS

The compound interest rate formula that we have introduced earlier can also be applied to what we call compound growth problems. 

EXAMPLE 1:   The population of a city was 2 500 000 at the beginning of  the year 2000. What will it be at the beginning of  2010 if the population in this city is growing at a compound rate of 18% pa ? 

                               A=2,500,000=13,084,589


The term price inflation refers to a phenomenon where  prices increase year after year (when measured against  the previous year’ price). Using the above compound growth formula we can obtain what is essentially a per annum based compound rate of growth which we call the inflation rate prevailing in South Africa.
South Africa’s Inflation Rate
 From 1981 until 2010, the average rate of inflation  in South Africa was 10.00 percent reaching a historical high of 20.80 percent in January of 1986 and a record low of 0.10 percent in January of 2004. The most well known measures of inflation are the CPI which measures consumer price inflation, and the PPI which measures inflation in the production sector of the  economy. 
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EXAMPLE:   The price of a movie ticket is R35 on 1 Jan 2010. What was it’s  price on 1 Jan  1990 if an  average inflation rate of 10% pa has been experienced  over the above period of time?

                                 35=P    =>   P== 5.20







EXCHANGE RATE PROBLEMS

Because South Africa is part of a global (world) economy, a large number of their transactions have to be conducted in the currency of another country. The amount of rands that can be exchanged for a single unit  of some foreign currency is known as the rand exchange rate for that currency


	 South African Rands to 1 USD Source:  http://www.x-rates.com/d/ZAR/USD/

		[image: http://www.x-rates.com/d/ZAR/USD/graph120.png]
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	120 days
	latest (Jan 17)
6.88207
	lowest (Jan 3)
6.6111
	highest (Aug 31)
7.41672






EXAMPLE 1:     If the rand / dollar exchange rate is R7,52 per dollar calculate the number of rands that you would get if you exchanged $300 for an equivalent amount in rands
  
                              Number of rands =300(7.52) = 2256 rands


EXAMPLE 2:     If the rand / dollar exchange rate is R7,52 per dollar calculate the number of  dollars you would get if you exchanged R5000 

                            Number of dollars = =664.89 dollars















HIRE PURCHASE PROBLEMS

If you   do not have enough  money to buy a particular item then you may often be allowed to  purchase this item  on what is called  a hire purchase agreement (HP). The amount that you have borrowed will then have to be paid off in monthly instalments over a specified period of time with the interest rate charge usually being quoted on a simple interest basis. Under a hire purchase agreement one is essentially  leasing the above item  and will only be able to acquire  ownership of that item when the full amount that has been specified in the contract has been paid.


RECIPE FOR A HIRE PURCHASE AGREEMENT OVER N YEARS

            CASH PRICE 
−    DEPOSIT
=    BALANCE OWING
+    SIMPLE INTEREST(per annum based)
=    TOTAL AMOUNT OF LOAN

   NUMBER OF MONTHS
=     MONTHLY INSTALMENT

EXAMPLE 1:    You wish to purchase a TV using a hire purchase agreement based loan. The cash (purchase) price  for the TV is  R9000.  You are required to pay a 10% deposit upfront and to pay the outstanding balance over the next 2 years at a simple  interest rate charge of 15%pa.  Calculate the monthly instalments that are payable on this agreement



            CASH PRICE                                                                9000                       
−    DEPOSIT                                                                       -900
=    BALANCE OWING                                                     8100
+    SIMPLE INTEREST(per annum based)                    +2430
=    TOTAL AMOUNT OF LOAN                                    10530


   NUMBER OF MONTHS                                             24
=     MONTHLY INSTALMENT                                       438.75


















GRADE 11 SYLLABUS

In this  section we will introduce another type of per period based interest rate quotation. What will distinquish this interest rate quote from those that we have been working with in the previous section will be  the number of times that we allow this  rate to be ‘converted’  in each time period.

RECAP:  When  dealing with an interest rate  based calculation, special attention needs to be given to the type of interest rate that is being quoted

                                ---simple vs compound

the rate at which this charge is being converted in each period
                               
                              ----6% per annum simple interest being converted on an annual basis 

                              ----6% per annum compound interest being converted  on a monthly basis 

                              ----6% per month compound interest being converted  on a monthly  basis 

and the length of time for which this lumpsum is to be invested for

                               ---- 5years 

                               ----20 months



EXAMPLE 1:   Principal value:  R100 
                          Maturity period for the investment:  5 years
                          Interest rate quotation: 10% per annum compound interest that is being converted 
                                                               once every year             

EXAMPLE 2:   Principal value:  R100 
                          Maturity period for the investment:  10 years
                          Interest rate quotation: 1% per month compound interest that is being converted 
                                                               once every month 

EXAMPLE 3:   Principal value:  R100                   
                          Maturity period for the investment:  30 months
                          Interest rate quotation: 10% per annum simple interest that is being converted 
                                                               once every year 

The above examples indicate how the time period unit that is being used to measure the maturity period  of one’s investment period can often be different to the time period unit that is being used to describe one’s interest rate charge.  When performing an interest rate based calculation,   one must   always  settle on  a single (but obviously  appropriate) time period   unit  to use in one’s calculation. We will refer to this chosen time period unit as being our working time period unit. Having done this one,  must then  ensure that   the maturity period  that is  being quoted   in one’s  interest rate  problem  is being correctly re-expressed in terms of this newly chosen working time period unit and that the interest rate that is being  quoted in that problem has been correctly converted into an equivalent rate of interest for this newly chosen time period unit.





SINGLE LUMPSUM INVESTMENT PROBLEMS

As a rule of thumb for single lumpsum investment type problems, I have suggested (in an earlier section) that one always chooses as one’s working time period unit, the time period unit that is being used for the interest rate quotation. The length of time (maturity period) over which  one wants to invest this lumpsum  must  then  be correctly re-expressed in terms of this newly chosen working time period unit. 

EXAMPLE 1:   Principal value:  R100 
                         Maturity period for the investment:  5 years
                          Interest rate quotation: 10% per annum compounded once a year

ANS: The time period unit being used for our interest rate is per annum based. Because our maturity period is also being given in years, we are investing R100 for a total of n=5 per annum based time units. 

EXAMPLE 2:   Principal value:  R100 
                         Maturity period for the investment:  10 years
                          Interest rate quotation: 1% per month compounded once a month 

ANS: Because the interest rate quotation  is per-monthly based,  we will  choose a single month as our working time period unit. Because  
                           10 years= 120 monthly units                    
we are investing R100 for a total of n=120  month based time units. 

EXAMPLE 3:   Principal value:  R100                   
                          Maturity period for the investment:  30 months
                          Interest rate quotation: 10% per annum simple interest 

ANS: Because the interest rate quotation  is being expressed in terms of  a per annum based  time unit, we will choose a single year  as our working time period unit. The maturity period for this investment must then be expressed in terms of this newly chosen working unit; viz.  
                                                         30 months= 2.5 years





















 NOMINAL vs EFFECTIVE RATES OF INTEREST 

Consider a savings account  that causes a lumpsum deposit of R100 to grow to an amount of R121 over  two years. Such an account can be marketed as paying a per annum  based rate of interest equal  to  10% because we have the following per annum based appreciation in value occurring

                                              

The above account can also be  marketed as paying a per quarter  based rate of interest that equals  2.411% because we have the following per quarter based appreciation in value occurring

                                             

If we choose now to add together the four quarterly interest payments that occur every year, then one can l arrive at  a per annum based rate

=4(0.02411)=0,09644=9.664%	         2 years= 8 quarters

which the market calls a per annum based nominal interest rate charge for the above account with  conversion  occurring on a quarterly basis every year (i.e.  four times every year ). The term `nominal’ is being used because one is  not actually receiving a true  per annum based rate of interest charge of 9.664% every year  but rather an effective (i.e. true) per annum based rate of 10% on  this account or an effective (i.e.  true) per quarter based  rate of 2.441% on  this account. 

SUMMARY: When the conversion  is  being done more than once a year, the per annum based nominal rate   that has been introduced above can be linked to a per annum based effective rate  via the following equation

                                                           
Since
                                                       =
the rate   can be viewed as being an effective rate of interest charge for a newly chosen time period length of  years. 




Setting  2  implies that we are using  a semi-annual or bi-annual conversion, setting  4  implies that we are using  a quarterly conversion and  setting  12  implies that we are using a monthly conversion on the account.












EXAMPLE: A lump sum deposit of R100 will grow to an amount of R150 in 2 years time. What effective per annum based rate of compound interest is being earned  on this account?

ANS:  Using a single year as one’s working time period unit
150=100=> i = -1 =  0.176 = 17.6% compound interest per annum effective

What effective per quarter based rate is being charged on this account?

ANS:  Changing the time period unit that we want to work with from a single year to a quarter year 150=100=> i = -1 = 0.0413= 4.13% compound interest per quarter effective
 
By changing the time period unit to which a particular interest rate quotation refers, the above example indicates how the same investment can be given a  `seemingly different’ effective rate based quotation. This same investment opportunity can also be given a variety of `seemingly different’ nominal based quotations.

What   per annum based nominal rate is being charged on this account if this rate is being compounded 6 times every year?

ANS: Using a single year as one’s working time period unit, we need to make use  of  the following equation (0.176 per annum)
                     =   =>0.1643 per annum
                         

A GOLDEN RULE: Whenever one has to perform an interest rate based calculation one must always make sure that one is working with an effective rate of interest. Having chosen a specific time period unit to work with, any nominal rates of interest that occur in the problem must therefore  always be converted into an effective rate of interest for that chosen time period unit  I would like to suggest that if the problem is quoting  an effective per period based interest rate charge then  one chooses as one’s working time period unit, the time period unit which the effective rate is referencing:- eg.
                     
                       -----a quoted rate of 10% per annum effective  suggests  that one should choose  a single year  as  one’s working  time period unit
                      
                       -----a quoted rate of 1% per month effective  suggests that one should choose a single month as one’s working  time period unit 

If the problem is quoting  a nominal per annum based rate of interest that is being . converted m times during every year, because this per annum  based nominal rate  implies an effective rate of   for a newly chosen time period unit of  years,  it would make more sense when attempting to solve any  problem to choose as one’s working time period unit for this problem, a  time period unit length  years:-
                 
                   ----10% per annum being converted 4 times every year implies that one should use a 
                         quarter year  as one’s  working  time period unit  because this  choice of  time period 
                         has an easily calculated effective  rate of interest that is given by =2.5% per quarter


A loan account that  charges a per annum based nominal rate of compound interest  that is being converted (compounded) m times every year is identical to another loan account that charges a per annum based effective rate of compound interest equal to  over each period of length  years 


Why has the market  introduced this  apparently superfluous concept of a nominal rate of interest?

Consider a loan account that is being  marketed as charging  a per annum based effective rate of 10% compound interest on any money that it loans.  A R100 loan will require that one repay an amount of 
                                                     R121 
in 2 years time. Consider now a loan account that is marketed as charging a per annum based nominal rate of  9.664% compound interest on any money that it loans with this compounding occurring four times every year.  A R100 loan will require that one  repay an amount of 
                                                R121=100                              2 years =4(2) quarter years 
in 2 years time. Although both accounts  generate exactly the same charges  the second account  may appear to be more attractive to the man in the street who wants to take out a loan.

EXAMPLE: Standard Bank markets a particular savings account as paying interest at a rate of 12%pa compounded quarterly. What is the per annum based effective (actual) rate that is being paid  on this account? 

ANS: The  12% pa that has been quoted is actually a  nominal rate because it  is being compounded on a quarterly basis (i.e. 4 times) every year. Since =12% we can to derive an equivalent but effective per annum based rate by solving  (m=4)
 => i=0.1255=12.55%pa

EXAMPLE:    Calculate the  per annum based  effective rate of interest that is being earned on an account if this account  pays a  nominal rate of 9% pa that is being compounded on a monthly basis .

ANS: Since 


which produces the following per annum based effective rate for this account



EXAMPLE:     Calculate the per annum based nominal rate of compound interest  with quarterly compounding that would be needed on a savings account in order to produce an  effective per annum based compound rate of interest that equals  8%  on that account 

ANS: Solving 


produces the following per annum based nominal rate of interest with quarterly compounding for this account 
0.0777=7.77% per annum



EXAMPLE:     If R10 000 is to be  invested in an account that pays compound interest at a rate of  8%pa compounded semi-annually, to what value will this deposit accumulate after 5 years. 

ANS: Because   is a per annum based nominal rate that is being compounded semi-annually we will use a half-year as our working time period unit. An effective  rate of interest for this choice of time period unit is then given by:-           
                                                  =    = 0.04 = 4% per every half year                             

            Thus 
 = 14802.44




EXAMPLE:  If R10 000 is to be  invested in an account that pays compound interest at a rate of  8%pa compounded quarterly, to what value will this deposit accumulate after 5 years

ANS:   Because   is a per annum based nominal rate that is being compounded quarterly we will use a quarter-year as our working time period unit. An effective  rate of interest for this choice of time period unit is then given by:-           
                                                  =    = 0.02 = 2% per quarter year                          
 Thus
 = 14859.47

EXAMPLE:   Find the accumulated amount if R10 000 is to be invested at 8%pa compounded monthly for 5 years.

ANS: Because   is a per annum based nominal rate that is being compounded monthly we will use a single month as our working time period unit. An effective  rate of interest for this choice of time period unit is then given by:-           
                                                  =    = 0.0066 = 0.66% per month
                                         
 Thus 
 = 14898.45


EXAMPLE:    Find the per annum based  rate of compound interest that is  being earned on a savings account if R6000 accumulates to R8000 in 2 years, with  compounding being done on a  monthly basis 

ANS: Since compounding is occurring 12 times every year the rate we are being asked to find is the  per annum based nominal rate. Note that a per annum based nominal rate that is being compounded 12 times every year  implies  an effective per annum based rate i that satisfies the condition where 


Because we want R6000 to accumulate to R8000 in 2 years we must now solve 



which can be written in the following form

=>  -1]=0.1447=14.47% per annum

CREDIT CARDS AND THE CONCEPT OF AN ANNUAL PERCENTAGE RETURN (APR) 
In many countries, lenders  are often required to disclose the "true cost" of borrowing in a way that is transparent to all. The reason for this is that a loan account that charges an effective per annum based interest rate of  10% can also be marketed as being an account that charges  
· an effective per monthly rate of 0.7974% , or a
· nominal rate of 9.569% per annum based  rate that is being compounded on a monthly basis 
Although all three of these rates are  all equivalent, to the `man in the street’ they will almost certainly  appear to be different. The concept of an APR has been introduced to help  standardize they way in which the `cost’ of a loan can be expressed. Essentially the idea is to prevent  a 10% per annum based effective rate of interest loan from being made  to look cheaper by calling it a 9.569% per annum based loan that is being compounded on a monthly basis. The  APR is also forced to include in it’s calculation  any other (possibly hidden)  costs that may be incurred with a given loan account
In 2003 US households racked up $412 billion in credit card charges, up 185% from five years ago, according to Standard & Poor's. (Source: USATODAY.com - Consumer debt loads at record) Between 1993 and 2000, the industry more than tripled the amount of credit that it offered to customers, from $777 billion to almost $3 trillion. The average cardholding household now has six credit cards with an average credit line of $3,500 on each (Source: www.intmath.com)
Apart from the money that  they make from charging interest, credit card companies also make money from the other fees that they charge. 
· They generally charge an annual fee for the card. 
· They can charge fees if your payment is late. 
· They can charge a fee if you pay by cheque  and that cheque "bounces" (that is, there is not enough money in the cheque account to fund that payment) 

















GRADE 12 SYLLABUS 

 CALCULATING THE `DURATION’ OF A LOAN 


EXAMPLE.    Matthew invests R3000 in an account paying 8% pa compounded quarterly. How long will it take for the investment to double ?
 
ANS: Since the quoted rate of interest is a nominal rate with a per quarter conversion rate  we will use a quarter  year as our basic time period working unit. The choice of working time period unit allows us to easily compute an effective rate of interest for our problem; viz. 
 ==0.02 per every year

We need then to solve the following equation for n

   => n==35.003 quarter years =8.75 years 



EXAMPLE:   A motor vehicle costing R150 000 depreciated at a rate of 9%pa on a reducing balance basis.  Calculate how long it took for the car to depreciate to a value of R60 000.

ANS: Since the quoted rate of depreciation  is being expressed as an effective rate on a per annum basis we will use a single year as our basic time period working unit. 

=> i  == 9.716 years

Rule of 72
There is a helpful trick that allows one  to mentally estimate how long it will take to double your money. Called the  Rule of 72 it  works as follows:- Divide 72 by the per annum based effective rate of  interest to find out how long (in years) it will take to double your  money.
A  proof of this fact involves finding a solution to the following equation 

When we multiply t by r  the resulting values lie very close to the value 72.
Example: If r = 3% = 0.03, then:
[image: rule 72]
This means that it would take more than 23 years to double our money at an interest rate of 3%. Multiplying  23.45 by 3  we obtain a value
23.45 × 3 = 70.35.
that is quite close to 72. Repeating this exercise for a range of typical interest rates from r = 2 through to r = 14.
	Rate
	Years
	Rate × Years

	2%
	35.00
	70.01

	3%
	23.45
	70.35

	4%
	17.67
	70.69

	5%
	14.21
	71.03

	6%
	11.90
	71.37

	7%
	10.24
	71.71

	8%
	9.01
	72.05

	9%
	8.04
	72.39

	10%
	7.27
	72.72

	11%
	6.64
	73.06

	12%
	6.12
	73.40

	13%
	5.67
	73.73

	14%
	5.29
	74.06


(Rounded to 2 decimal places) 
The Rule of 72 gives us an easy "back of the envelope" calculation for the time it will take to double our money. It is good for a range of typical interest rates, from 5% to about 12%. Even for high interest rates like 20%, the value is 76.04.






















MULTIPLE CASH FLOW CALCULATIONS 

In this section we will focus on situations where a series of payments are being made (or received) at various points in time. In these cases it is often very helpful  to draw  a time line diagram indicating when these payments actually occur:
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EXAMPLE:     R2000 is to be invested in an account earning 12%pa interest that is being compounded on a monthly basis. After  3 years another R6000 is to be added to the account. After a further 2 years R1000 is to be  withdrawn. Calculate how much will be in the account after 10 years.


ANS: Because  the quoted rate of interest =0.12 is a nominal  per annum based rate  we will use as our working time period  unit the monthly time period length  at which this rate is being converted . Such a choice of  time period  unit allows one to assign the following effective rate to our problem:- 
 ==0.01 per every years

In keeping with the rule that we introduced earlier,  R6000 is being added to the account in 12(3)=36 months  time and  R2000 is being withdrawn in 5(12)=60 months time. We are then being asked to find an accumulated value after n= (10)12=120 monthly periods

Working off the following time line diagram 
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 ) = 2000+6000-1000

                                                =2000(3.30038 )+ 6000(2.30672)-1000(1.81669)

                                                =18,624.39








EXAMPLE:   An investment account is to be  opened with a deposit of R50 000 earning 6%pa compounded   quarterly. After 5 years the interest rate will change to 7,5% pa with semi-annual compounding.  Calculate how much will be in the account after 15 years.


ANS: Since the two quoted rates of interest  are nominal  per annum based rates, for the first 5 years we will convert the  6%pa compounded   quarterly rate into an effective rate for the quarter year based time period  unit that is being associated with this nominal rate. For  the next 10 years we will convert the  7,5% pa rate with semi-annual compounding  into an effective rate for the half year time period  unit that is being associated with this nominal rate 
 
            effective rate 
            effective rate 

Working off the following time line diagram 


 (
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                               )=50000=67,342.75

                 )=67,342.75=140,621.89




 EXERCISE:   The cost of a bus is 1,2 million. It is expected the depreciate on a reducing balance per annum to R491 520 in 4 years time. The price of a new bus is expected to increase by 15% pa. The bus will need to be replace in 4 years time.

1.Calculate the rate of depreciation of the bus.
2.Calculate the value of a sinking fund that needs to be set up to pay for the new bus if the old one is 
Traded in.
3.Calculate the percentage increase in price of the bus over the 4 years.
4. Calculate the amount that must be invested monthly into the sinking fund to cover the replacement
Cost of the bus in 4 years time. If the interest paid by the bank is 9% pa compounded monthly.
Payments commence at the beginning of the first month and end at the beginning of the last month.




EXERCISE: 


An amount of rands is invested in an account which pays interest at a rate of 15%pa compounded monthly. After 4 years half the accumulated amount is withdrawn and deposited in a new account that pays 16% pa compounded quarterly. The other half is left in the original account. At the end of a further 4 years, the combined total of the 2 accounts is R33478,19. Determine .

 FUTURE VALUE BASED ANNUITY CALCULATIONS 

Consider a series of consecutive time period intervals in which a fixed amount X is being deposited, either at the beginning (or the end ) of each year. We will assume that the investment lasts for n years (so that a total of n deposits  are being made) and that a per annum based rate of compound interest i is being earned during each year. Such a stream of  payments falls into  a class of financial instruments that are called annuities. Each  payment may be fixed in value (in which case the annuity is said to be a level annuity) or they may increase (decrease) in value in which case  they are referred to as being an increasing (decreasing annuity). The number of payment periods may also depend on the  lifetime of a particular policyholder in which case the annuity is often referred to as being a life based annuity. 
 
When the annuity matures (either because the policyholder has died or the maturity date on the policy has been reached) the lump sum that has accumulated in this account is then usually paid out to a nominated beneficiary. It is the calculation of this (future) value that is of interest to both policyholders and pension funds.



EXAMPLE:  R1000 is to be invested each year for a period of 10 years with the first payment  starting in  one year’s time. Interest to be earned is 8 % pa compounded annually. Determine the  value of this investment after 10 years.


EXAMPLE:  R1000 is to be invested each year for a period of 10 years with the first payment  occurring with immediate effect.  Interest to be earned  is 8 % pa compounded annually. Determine the  value of this investment after 10 years

It is important to notice  in the second example that we have payments occurring in advance  (i.e. at the beginning of each period) whereas in the first  example the payments are occurring in arrears (i.e. at the end of each payment period)  The Grade 12 syllabus seems to focus only on the valuation of contracts where payments are being made in arrears. 






















A FUTURE VALUE BASED ANNUITY FORMULA (payments in arrears)

Consider  payments of equal size that are to be made at the end of a series of equally spaced time intervals. For these annuity type problems, I would like to suggest that one always chooses as one’s working time period unit, the length of the time interval between consecutive payments. For the purposes of illustration, let us assume that an amount X  is to be invested at the end of each year for a period of  n years in an account  %  per annum. We wish to determine the  value to which  this investment will grow after  years if the first payment is due to begin at the end of the current year?

ANS: The timespan between consecutive payments is one year so we will choose a single year as one’s time period working unit. An effective rate of compound interest for this choice of time period unit is given by i. The following diagram projects each individual payment X forward to an appropriate accumulated value on the maturity date of the contract. One arrives at a geometric progression which can be summed  in the following way
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EXAMPLE:  Kerry opens a savings account and deposits R1000 at the end of each month for a period of 8 years. The interest rate remains fixed at 4% pa with quarterly  compounding. How much money will have accumulated in the account by the end of the 8th year

ANS:  The time period unit between consecutive payments corresponds to a single month. An  effective rate of interest for this chosen time period working unit is given by solving (3 months=1 quarter)

                                           => i=0.00332=0.332% effective per month
 Because the annuity is  making a total of 

                                                                 n=8(12)=96 monthly payments 

the annuity formula 
 

                                       

produces the following result  

                                         = 112,843.46

   If she decides to leave the money in the account for a further year, how much will have accumulated 
   by then?
 
                                           F=112,843.46=117,422.15


EXAMPLE:  Tandi decides to open a savings account in which she will continue to  deposit R1000 at the end of each month for a period of 8 years. The interest rate remains fixed at 12% pa with compounding taking place on a  monthly basis. How much money will have accumulated in the account by  the end of the 5th year ?

ANS:    Because we are dealing with monthly payments, we will use a single month as one’s working time period  unit. The annuity is therefore making a total of 

                                                                 n=5(12)=60 payments 

at an effective per monthly   based rate of interest that is given by 

                                                             =   = 0.01= 1%  effective per month


Applying the annuity formula 
 

                                       

where X=1000, n=60 and i=0.01effective  per month we obtain 

                                         = 81,669.67

EXAMPLE:  Sue  aged 25 wishes to accumulate R10 000 000 by her 50th birthday. She pays equal monthly payments into an account that earns  15% pa compounded monthly. Payments start on her 25th birthday and end on her 50th birthday. Find the monthly payments.

ANS:  Because we are dealing with monthly payments, we will use a single month as one’s time period working unit. Because we only have a formula that computes a future value for a total of n  payments that are being made in arrears we will need to break Sue’s  investment schedule into an annuity type component that deposits X into this account at the end of each month (with the first payment taking place one month after her 25th birthday date) and a single lumpsum payment of X that occurs on her 25th  birthday date. For the annuity part of her investment we will have  

                                                                 n=25(12)=300 monthly  payments  

occurring at an effective per monthly   based rate of interest that is given by 

                               =   = 0.0125= 1.25%  effective per month
        
Applying the annuity formula, the future value of all these deposits is given by 

                                     

To this amount must be added the accumulated value of Sue’s initial deposit, viz

                                                        

It is the sum of these two amounts that must equal R10 000 000, viz. 

=> 10,000,000 =3,819.346X => X =2,618.25

EXAMPLE:  An investor wants to save R300 000 by paying regular monthly payments of R4000, starting in one month’s time, into an account paying 15%pa compounded monthly. How many payments of R4000 will have to be made into the account 

ANS:  Because we are dealing with monthly payments, we will use a single month as one’s time period working unit. We seek to determine the total number n   of monthly  payments  that must be made noting that each payment earns an  effective per monthly   based rate of interest that is given by 

                               =   = 0.0125= 1.25%  effective per month
Solving 
                                     => n= 53.33 months










A PRESENT  VALUE BASED ANNUITY FORMULA (payments in arrears)

 Such a formula can be obtained by simply taking the future value of all these annuity based payments 

                                            
and equating them to the future value (i.e. in n periods time) of a single lumpsum based upfront investment of an amount  P in an account that earns the same type of interest.  Solving  


 produces the formula 

 =

which represents a present value for all these payments. 

EXAMPLE:    A loan is needed in order to  purchase some equipment. The borrower can afford to pay R2000 every  month starting one month  after the loan has been granted. The payments will continue for 10 months. The interest rate on this loan account is 24 % pa compounded monthly. How much can he afford to borrow?

ANS:  Working with a monthly  based time period unit because this choice of time period unit corresponds with the time between payments, an effective per monthly based rate for this account is given by 

                               =   = 0.02= 2%  effective per month
Using the present value formula for an annuity (with arrear payments); viz.


we can obtain the result

                                     =17,960



















A FUTURE VALUE BASED ANNUITY FORMULA (payments in advance)

Consider a series of payments of equal size X that are  to be invested at the beginning  of each year for a period of n years in an account  %.
We wish to determine the  value to which  this investment will grow after  years noting that  the first payment is due to occur with immediate effect.?

ANS: The timespan between consecutive payments is one year so we will choose a single year as one’s time period working unit. The following diagram projects each individual payment X forward to an appropriate accumulated value for  the maturity date of the contract. One arrives at a geometric progression whose sum  can be rewritten in the following form
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EXAMPLE:  An investor takes out a retirement annuity for 25 years and pays monthly payments of R1000 starting immediately. The regular monthly payments are made in advance (at the beginning of each month). The last payment is made therefore one month before the annuity is paid out. The interest rate is 15% pa compounded monthly. Calculate the future value of the annuity in 25 years time. 

ANS:  Because we are dealing with monthly payments, we will use a single month as one’s time period working unit. We seek to determine the total number n   of monthly  payments  that must be made noting that each payment earns an  effective per monthly   based rate of interest that is given by 

                               =   = 0.0125= 1.25%  effective per month
Solving  

                          F=> 1000


LOAN INSTALLMENT CALCULATIONS 

When purchasing a house (or a motor vehicle) one is often forced to apply for  an interest bearing   loan with this item then being used as collateral in the event of a default in one’s interest payments. From a repayment point of view, the bank could require that one repay only the interest portion at the end of every month and then at the end of a prespecified period of time one  repays the original amount of money that had been loaned for the purchase of the house. Such a loan is said to be a non-amortizing or interest-only  loan.

Alternatively, the bank could issue what we will call an amortizing or capital repayment loan where  each monthly repayment covers the interest  portion of the loan as well as part of the original loan itself. The advantage of this type of scheme is that the interest portion for one’s next repayment period is now being calculated on a steadily reducing  balance. The interest that is payable on these loans is usually allowed to vary in response to conditions in the market. In the grade 12 syllabus  however calculations will be based on the assumption that the interest that is payable on these loans is fixed over the entire repayment period of the loan.  
                                  [image: http://upload.wikimedia.org/wikipedia/commons/thumb/c/ce/Effective_annual_percentage_rate.svg/342px-Effective_annual_percentage_rate.svg.png]

Parts of total cost and effective APR for a 12-month, 5% monthly interest, $100 loan paid off in equally sized monthly payments Source:Wikipedia


Typical questions that we may want to have answered include: 
                                     
                            - determining the monthly amount X that needs to be paid  in order  to fully amortize a loan within a given period of time, 

                          - determining the balance on the loan that will be outstanding after m <n repayments have been made,  

                          -determining  how to rearrange  the terms of an existing loan in order to take advantage of a lower rate of interest charge (called a remortgage problem). 








EXAMPLE:  Mr Jones takes out a bank loan to pay for his new car costing R173 804.43.  He pays a deposit of R10 000 and then makes equal monthly payments for a period of 5 years starting one month after the granting of the loan. The interest rate is 24%pa compounded monthly. Calculate the monthly payments.

ANS: Since the repayments are being made on a monthly basis we will choose a single month as one’s time period working unit. Because an initial deposit is being paid  the loan must cover an amount



The effective per monthly based rate of interest charge for this account is given by 

                               =   = 0.02= 2%  effective per month
Making use of the present value formula for an annuity (with arrear payments); viz.



we can obtain the result

                                     => X=4,712.32 every month


EXAMPLE: John borrows R500 000 from a bank and repays the loan by means of monthly payments of R8000 starting one month after the granting of the loan. Interest is fixed at 18%pa compounded monthly.

2.1       How many payments of R8000 will be made and what will the final payment be ?
2.2       How long is the loan period ?

ANS: Since the repayments are being made on a monthly basis we will need to choose a single month as one’s time period working unit. The effective per monthly based rate of interest charge for this account is given by
                                        =   = 0.015= 1.5%  effective per month
Solving for n

=> n= 186.223 months

Thus we have from a theoretical point of view  186 monthly payments plus an additional payment 0.223 months into the next payment month. To make more sense of this extra payment note that  balance that is still outstanding after the 186th payment date can be calculated retrospectively by noting that 


and that a future value for the 186  repayments is given by 
= 7,971828.59
Subtracting the amount paid from the amount owed  gives  

as the amount still being owed after the 186th payment. If this amount is payable at the end of the next month the amount to be paid will be given by



[image: house]
Questions  to ask a mortgage lender
What is the APR on the mortgage?
In order to effectively compare different offers, you must know the APR on each. The interest rate that lenders usually quote on advertisements is not APR, which means that the advertisement interest rate only includes the fee lenders charge you for lending their money. The closing costs, administration fees, origination fees etc. are not included in that rate. APR, however, does include them and that is why you should us APR to compare different offers. 
What is the breakdown of every payment?
Sometimes, even APR will not include all the charges you are expected to pay. So to avoid that you should ask for a dollar figure breakdown of all payments you would be expected to pay over the course of the loan. 
Do you need to lock the interest rate?
To "lock" or "fix" the interest rate, your loan officer needs a commitment from you, and if that doesn't happen the interest rate on your offer might go up. Ask your lender, whether you need to officially lock your loan and if that requires a payment. 
Is there a prepayment penalty?
Some lenders apply a prepayment penalty on their loans that can be up to thousands of dollars. It basically states that if you pay back your loan before a certain period you'll be charged a fine. If you don't plan in staying your house for too long; you should know if your mortgage agreement has a prepayment penalty clause or not. 
How long does the loan application processing take?
It is important to know the processing times of different lenders because that can affect interest rates. If rates are expected to go up and the processing time is, say more than a month, then you should look to lock your interest rate. 
EXAMPLE: Tom wants to buy a house that will cost R270,000. As part of the sales agreement this sum has  to be paid off over 30 years at an interest rate of 8% per annum that is being compounded (converted) on a monthly basis. Determine his monthly repayment amount on this loan?

ANS: Because we are working with monthly repayments we will choose a single month as our working time period unit. An effective per monthly based rate of interest for this loan is then given by 

                        r  =   = 0.00666= 0.66%  effective per month

Using the present value version of our annuity formula


we get
                                        =  =1981.16

After 6 months Tom receives his first statement from the bank indicating that he still owes R268,894.74. Having already paid close to R12,000 he is shocked to find that an amount of R1,000 has only come off the original amount that he borrowed. Has a mistake been made by the bank? 

A formula for determining the balance outstanding immediately after the k’th payment has been received can be determined in the following retrospective manner:- Using the k’th payment date as one’s point of focus we need to 

(iv) Bring all the payments that have already been made forward (from a valuation point of view) to this k’th payment date; viz   
(v) Bring the amount that was originally loaned forward to this k’th payment date; viz 
(vi) Subtract the two amounts from each other to determine the balance that will be outstanding immediately after the k’th payment has been received; viz
                              (0)
The  above formula  can also be derived by noting directly after the k’th  payment has been made, that we are still in  a position where we have to make another n-k payments. Such a situation is identical to being issued a brand new loan for an amount  where the monthly repayment on this loan is X and the number of repayments outstanding is n-k  Using our present value formula for such a loan we can then obtain the following `present value’ for this new loan
                                        (1)
Since X was originally obtained from the following formula
                                                                         (2)
substituting (2) into (1) we can  obtain  the following formula for the balance outstanding immediately after the k’th repayment has been made

                                                                =  
                                                                =
Substituting (2) into (0) we can verify that the retrospective formula that we gave is indeed the correct formula  for the balance outstanding immediately after the k’th repayment has been made 
 =
Applying this formula to our problem 
            = 268,894.74
                                         










With mortgages, the amount you are paying early on in the loan period consists  mostly of interest so that very little is coming off the principal. Towards the end of the loan, the interest portion of the payment amount becomes less and  less and so the principal amount outstanding starts to disappear more quickly.
[image: balance graph]
Amount ($) still owing after p months.
EXAMPLE: A company purchases a vehicle for R150 000. The vehicle depreciates in value at 22%pa on a reducing balance. The company wants to replace the vehicle in 5 years time. It is estimated that the cost of a new vehicle in 5 years will escalate with inflation at 19%pa effective. The old vehicle will then be sold at scrap value after 5 years. A sinking fund is set up immediately in order to save for the new vehicle. The proceeds from the sale of the old vehicle and the sinking fund will be used to buy the new vehicle. The company will pay equal monthly amounts into the sinking fund earning 14,4% pa compounded monthly. The first payment will be made immediately and the final payment will be made at the end of the 5 year period.
1. Find the scrap value of the old vehicle
2.    Find the cost of the new vehicle in 5 years time
3.  Find the value of the sinking fund  (the amount required in the sinking fund in 5 years time)
4.  Find the equal monthly payments made into the sinking fund
5.  The company then decides to also use the sinking fund to finance half-yearly services of R6000.
     The first service will take place in 6 months time and the last service will take place      6 months before new vehicle is bought. In order to have enough money to service the vehicle the company       will need to increase their monthly premiums into the sinking fund. Find the increase in monthly premiums that is required in  the sinking fund. 

ANSWER: 

Scrap value=150000 = 43,307,.615

Cost(5 years time)=150000

==0.012 per month

Sinking fund value=357953.05-43307.615=314,645.44


    +X=>+X => X=3,511.07

 Future value(service costs)=                      payment in arrears n=(4.5)(2)=9 half years

==>=0.074195 per half year 

 Future value(service costs)==73,133.45


73,133.45=+ X==0.012 per month n=12(5)=60months
which implies that X=820.04


EXAMPLE: Mr Smith takes out a home loan of R400 000 for 20 years. The initial rate of interest was 24% pa compounded monthly. After 5 years there was an interest rate adjustment to 18% pa compounded monthly.
1.      Calculate his initial monthly instalments(payment in arrears) 
2.        Calculate his balance outstanding at the end of December in the 5th year.
3.      When the interest rate decreased , his monthly instalment decreased. Calculate his new monthly 
            instalment. 
4.        How much will Mr Smith actually pay for his home ?
5.       Suppose Mr Smith decides  rather to pay R9000 per month starting when the interest rate changes. 
            How long will it then take him to pay off the loan?
6.    Mr Smith offers to pay the bank R3000 per month when the interest rate changes. Will the bank 
           accept this offer ? Justify your answer.

ANSWER

400,000=      =>      400,000=            => X=8069.63
==0.02 per month n=20(12)=240 months
Balance outstanding(5 years=60months)= =8069.63=392,059.51

PV formula:     392,059.51=   where i==0.015 per month n=15(12)=180 months
Thus solving produces X=6313.81

Payment total =8069.63(5)(12)+6313.81(15)12= 1620663.6

5. Need to solve 

392,059.51=   where  i==0.015 per month 
Solving n=71.17 months
 6. Depends for how long he is offering to  pay this money for

EXAMPLE: Ahmed buys a house and takes out a loan for R450 000. The interest is 9,5%pa compounded monthly.

1. Calculate his monthly repayments if the loan is paid over 20 years.
2. How much does he pay in total over 20 years to repay the loan ?
3. Calculate the balance of the loan after 8 years.
      4.  Calculate his monthly instalments if he chooses to repay the loan over 15 years.
      5.   How much money does he pay over 15 years to repay the loan and how much does he save by 
           reducing the repayment period by 5 years ?
ANSWER

==0.0079 per month n=20(12)=240 months


450,000=  =>450,000=  => X= 4,194.70

2. Total paid 4194.70(20)(12)=1,006,728
3. Balance(k=8(2)=96 months)=  = =>X=359,629.13
4. 450,000= => X=4,699.12
5. Total payment=4699.12(15)(12)=845,841.54
Saved  1,006,728-845,841.54=160,886.45


EXAMPLE: You take out a 20 year loan of R100 000. You repay the loan in monthly instalments starting 3 months after the granting of the loan. The interest rate is 18%pa compounded monthly. Calculate the monthly instalments.

ANSWER

==0.0015 per month 

Future value after 2 months=100,000=103,022.5

Solving 
103,022.5=      => X=1,591.35       payment in arrears for 20(12)-2=238 months          

EXAMPLE: You were granted a loan by ABC bank 3 years ago. The debt can be repaid either by paying R9000 now or R14000 three years from now. If the nominal rate is 15%pa compounded monthly , which is the better option?

ANSWER Note 
                                         =14,075.49  
thus pay R14,000 later



  
EXAMPLE: Mr Smith borrows R50 000. His monthly instalment is R1450 but he only has to begin repaying (monthly in arrears) this amount at the end of the first year with payments stopping at the end of the 6th year. He redeems the loan at the end of the 8th year with a once off payment of y. Find the value of last payment of y if interest is 18%per annum compounded monthly

ANSWER

==0.0015 per month 


50,000+y=> y=9,360.49




EXAMPLE: An amount of rands is invested in an account which pays interest at a rate of 15%pa compounded monthly. After 4 years half the accumulated amount is withdrawn and deposited in a new account that pays 16% pa compounded quarterly. The other half is left in the original account. At the end of a further 4 years, the combined total of the 2 accounts is R33478,19. Determine .

ANSWER: Solve 

=33,478.19=>X=9999.63
==0.00917 per month, =12(1)=12 months


==0.01 per month, =12(1)=12 months

Solve 



EXAMPLE: One month after opening a savings account, Temba invests R2500 per month into the account paying 11% pa compounded monthly. At the beginning of the second year the interest rate changes to 12%pa compounded monthly. He then increases his monthly payment to R3500. The revised payments start one month after the interest rate changes. How much money will he have saved by the end of the second year ?
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